Abstract. In this note we give several characterizations of regularity and normality in terms of weakly upper-semicontinuous multifunctions.
1. Introduction. Characterizations of regularity and normality of topological spaces in terms of multifunctions have been given by Engelking [E] , Franklin and Sorgenfrey [FS] and Wyler [W] . In this article we use multifunctions to obtain several new characterizations of regularity and normality. The definitions of regularity and normality are not assumed to include Tx.
2. Some preliminaries. We will denote the closure of a subset A of a space by cl (A) and the family of open sets which contain A by 2(A). If A* is a set we will represent the diagonal oflxl, i.e. {(x, x): x E X), by A. If X is a set, x0 E X, and ñ is a filterbase on X, then X with the topology { V c X: x0 E V or F e V for some Fen} will be denoted by X(x0, Q). A multifunction from a set X to a set Y is a function from A'to2y-{0}, where 2r is the power set of Y. We will write 4>: X -> Y to denote that í> is a multifunction from X to Y. A multifunction d>: X -> Y on a space X into a space Y is upper-semicontinuous (u.s.c.) at x E X if for each W E 1(<&(x) ) in Y there is a V E 2(x) in X with $(V) c W; $ is upper-semicontinuous (u.s.c.) if 0 is u.s.c. at each x E X. Levine [L] has called a function 4>: X -» T from a space A into a space Y weakly-continuous at x E X if for each W7 £ S(4>(x)) in T there is a K E 2(x) in X with $(F) c cl (W) ; the function d> is weaklycontinuous if $ is weakly-continuous at. each x E X. Smithson [S] has extended Levine's definition to multifunctions, defining a multifunction $: X -» Y from a space X to a space Y to be weakly upper-semicontinuous (w.u.s.c.) at x EX if for each H7 E 2($(x) ) in Y there is a V E 'E(x) in A with $(K) c cl (W7); 4> is wea/cjy upper-semicontinuous (w.u.s.c.) if $ is w.u.s.c. at each x E X. It is not difficult to establish that a continuous (u.s.c.) function (multifunction) is weakly-continuous (w.u.s.c). It is known that a weakly-continuous function need not be continuous. However, a weaklycontinuous function into a regular space is continuous. The following example shows that a w.u.s.c. multifunction into a regular space need not be u.s.c. 3. Characterizations of regularity. Let A and 7 be spaces, $: A -> 7 be a function and a : A ^> 7 be a multifunction. Using the definition of Weston [W] as a model we define the cluster set of a at x G X to be C(a; x) = n2W cl (a(V)). We use the notations F(0, a, X, Y) = (x G A: $(x) G cl (a(x))) and /?($, a, A X A, 7) = {(a, ¿>) G A X A: $(a) G cl (a(6))}. Since 7 is regular we have i~]x(a(x)) c\(W) = cl (a(x)). The proof is complete.
3.2. Theorem. 7 is regular if C(a; x) = cl(a(x)) for each space X, u.s.c. multifunction a: X -> 7, a«a" x G A.
Proof. If 7 is not regular there is a nonempty closed subset F of 7 such that ns(F) clW ^ ^ Choose ï0eF and let Í2 = 2(F). Define a: 7(x0, ft) -► 7by a(x0) = F and tx(x) = x otherwise. It is obvious that a is u.s.c. at eachx =£ x0. If W G 2(a(x0)) in 7 then W U {x0} G S(x0) in 7(x0, ft) and a(W U {x0}) = IV; so a is u.s.c. at x0. However C(a; x0) # cl(a(x0)). This means that 7 does not satisfy the hypothesis of the theorem and the proof is complete.
Combining Theorems 3.1 and 3.2 we obtain the following characterization of regularity.
Corollary.
A space Y is regular if and only if for each space X and w.u.s.c. multifunction a: X -» 7, C(a; x) = cl (a(x)) for each x G A. cl (a(b) ) and, since Y is regular, there are sets V E 2($(a)), W E 2(cl (a(b) )) in Y with cl (K) n cl (W) =0. Since 0 is continuous and a is w.u.s.c. there are sets A E 2(a), B E 2(e) in X with <f>L4) C V and ce(fl) C cl (W) . Then /I X 5 E 2((a, 6)) in X X X and (A X B) n Ä($, a, A x X, T) =0. This completes the proof that (a) implies (b).
Proof that (b) implies (c). The restriction of the projection, wx: X x X-> X, to A is a homeomorphism, R ($, a, X X X, Y) n A is closed in A and /?($, a, X, Y) = vx(R(p, a, X X X, Y) n A). The proof that (b) implies (c) is complete.
Proof that (c) implies (a). Assume that Y is not regular; then there is a nonempty closed subset F in Y and an x0 E Y -F such that Q = ( V n If: K E 2(F), W E 2(x0)} is a filterbase on Y. Choose y0 £ F. Define 0>, a: Y(y0,ß) ->y as follows: <£(*) = x if x =£ y0 and ^(yo) = x0; a(x) = x if x ¥= y0 and a(y0) = F. Clearly, <ï> and a are both continuous at each x ¥= y0. We see also that a is u.s.c. (0 is continuous) at y0 since if W7 £ 2(a(y0)) (2(0(y0))) in 7, then W u {y0} E 2(y0) in Y(y0, 8); and «(W7 u {y0}) C -f^If u {y0}) C W). We observe that /?($, a, X, T) = T -{y0}. If V E 2(x0), and W E 2(F) in T, then (V -F) n H7 *0, and for x E (V - Proof that (c) implies (a). Assume that 7 is not normal; then there are nonempty closed sets F, H c 7 with F n H = 0 such that Ü = [V n W: V G 2(F), W G 2(//)} is a filterbase on 7. Choose x0 G F and define 3>, a: 7(x0, ß) -> 7 by $(x0) = //, a(x0) = F and O(x) = a(x) = x otherwise. We see by arguments similar to those above that <ï> and a are u.s.c. Since cl ($(x0)) = H and cl (a(x0)) = F we see that x0 G A(0, a, 7(x0, ß), 7). Let ^ G 2(x0) in 7(x0, ß). There are sets V G 2(F), W G 2(//) in 7 satisfying 0 ^ (F -H) n (IF -F) c A If x G (V -H) n (W -F) we have <ï>(x) = a(x) = x; so x G A($, a, 7(x0, ß), 7) and, consequently, x0 G cl (N(<5>, a, 7(x0, ß) , 7)) in 7(x0, ß). This is a contradiction of statement (c) so the proof that (c) implies (a) is complete.
The proof of the theorem is complete.
